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Abstract

In this paper, we consider the rational extensions of two different PT symmetric
complex potentials namely the asymptotically vanishing Scarf II and asymptotically
non-vanishing Rosen-Morse II [ RM-II] potentials and obtain bound state eigenfunc-
tions in terms of newly found exceptional Xm Jacobi polynomials and also some
new type of orthogonal polynomials respectively. By considering the asymptotic
behaviour of the exceptional polynomials, we obtain the reflection and transmission
amplitudes for them and discuss the various novel properties of the corresponding
amplitudes.

1 Introduction

Recent discovery of exceptional orthogonal polynomials (EOPs) (also known as Xm La-
guerre and Xm Jacobi orthogonal polynomials with m = 0, 1, 2, ..., .) [1, 2, 3, 4], has
motivated researchers to search for new exactly solvable potentials whose bound state
eigenfunctions are in terms of these EOPs. Interestingly it has been observed that the
newly discovered potentials are the rational extension of the corresponding conventional
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potentials [5, 6, 7, 8]. These potentials are rationally extended trigonometric Scarf (Scarf-
I), generalized Pöschl Teller (GPT) and radial oscillator potentials. Remarkably, these
potentials can be cast in the framework of supersymmetric quantum mechanics (SQM)
and they have been shown to satisfy the translational shape invariance (SI) condition [9].

In the last few years, researchers have also discovered another category of rationally
extended potentials whose bound state eigenfunctions are not in terms of the EOPs but
rather they are written in terms of some new polynomials (which in turn can be expressed
in terms of the classical orthogonal polynomials). These rationally extended potentials do
not satisfy the usual translational SI property, but instead they satisfy an unfamiliar type
of extended SI property. The potentials belong to this category are rationally extended
Rosen-Morse II, Eckart etc [10, 11]. It is important here to note that the bound state
eigenvalues of all these rationally extended potentials are the same as those of their
conventional counterparts i.e. they are iso-spectral.

Recently, fully consistent quantum theories have been developed for certain class of
non-hermitian systems. The parity (P) and time reversal (T), two important discrete
symmetries play extremely important role in such formulations. It has been shown that
the PT symmetric (combined parity and time reversal symmetry) non-hermitian systems
can have the spectrum real if the PT symmetric is unbroken [12] and consequently a
fully consistent quantum theory with unitary time evolution is constructed in a modified
Hilbert space [13]. Since the last one and half decades, the PT symmetric non-hermitian
systems have been developed considerably and have found several applications in optics
as well as other branches of physics [14, 15, 16, 17, 18, 19, 20, 21]. Some of the important
properties such as the existence of spectral singularity (divergence of both reflection and
transmission co-efficients at a point) [22, 23, 24, 25, 26], exceptional points (coalesce of
two energy levels along with their eigenfunctions at certain points in the complex plane)
[27, 28, 29, 30], Handedness effect (dependence of reflection coefficient on the direction of
wave) [31] have been also observed in such systems.

In the last few years while much work has been done on the PT-symmetric potentials,
we find that comparatively not enough work has been done about the rationally extended
PT symmetric (REPTS) complex potentials. However, considerable work has already
been done about the rationally extended real (Hermitian) potentials and bound state
eigenstates as well as scattering matrix has already been reported for them [34, 35, 36, 37].
For example, while rational extension of real (Hermitian) Rosen-Morse II potential has
been extensively discussed [10], it seems there has been no discussion about the corre-
sponding rationally extended, complex PT invariant Rosen-Morse II potential. Further,
to the best of our knowledge, only one REPTS complex potential corresponding to the
conventional PT symmetric complex Scarf II potential [32] has so far been discussed in
the literature. In particular, it has been shown that the bound state eigenfunctions of
rationally extended PT-symmetric complex Scarf II potential are in terms of Xm Jacobi
EOPs [33]. However, as far as we know, the corresponding reflection and transmission
amplitudes r(k) and t(k) respectively are not known in the literature.

The purpose of this paper is to fill the missing gap and discuss bound state eigenstates
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as well as reflection and transmission coefficients of few rationally extended PT-symmetric
complex potentials. In particular, in this paper, we obtain bound state eigenfunctions as
well as r(k) and t(k) for the rationally extended PT symmetric complex Rosen-Morse II
potential. Further, we construct one more complex and PT symmetric rationally extended
Rosen-Morse II potential and obtain its bound state eigenfunctions. Further, we obtain
r(k) and t(k) for both the forms of complex PT-symmetric rationally extended Rosen-
Morse II potentials. Recently an important symmetry i.e., the parametric symmetry in
the PT symmetric conventional as well as rationally extended Scarf II potentials has
been observed. Under this symmetry while the PT symmetric Scarf II potential remains
invariant (and has two different sets of bound states), however the rationally extended PT
symmetric complex Scarf II potential [38] is not invariant and one gets another rationally
extended PT symmetric complex Scarf II potential. It is thus of interest to inquire how
r(k) and t(k) change under the parametric symmetry.

The organization of this paper is as follows:

In section 2, we briefly discuss the bound state eigenfunctions of the rationally ex-
tended PT symmetric complex Scarf II and Rosen-Morse II potentials. The parametric
symmetry in the case of the extended PT symmetric complex Scarf II is also discussed.
The scattering amplitude, i.e. r(k) and t(k) for these potentials is obtained in section 3
where some interesting properties of r(k) and t(k) are highlighted. Finally we summarize
the work done in this paper in section 4.

2 Bound states: REPTS potentials

In this section, we briefly discuss the bound state eigenfunctions of the two rationally
extended complex PT symmetric potentials .

2.1 REPTS complex Scarf-II potential

The well known complex and PT symmetric conventional Scarf II potential [39] which is
translationally SI is given by

V (x,A,B) = (−B2 − A(A+ 1)) sech2 x+ iB(2A+ 1) sech x tanh x; A > 0 . (1)

The bound states energy eigenvalues and the eigenfunctions are known to be[33]

E(A)
n = −(A− n)2; n = 0, 1, 2....nmax < A, (2)

and

ψ(A,B)
n (x) = N (α,β)

n (sech x)A exp(−iB tan−1(sinh x))P (α,β)
n (i sinh x); −∞ < x <∞, (3)

where P
(α,β)
n (z) is classical Jacobi polynomial, N

(α,β)
n is the normalization constant and

the parameters α = B − A − 1
2
and β = −B − A − 1

2
. An interesting symmetry of
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this conventional PT symmetric complex Scarf II potential has been observed under a
parametric transformation [40] i.e. B ←→ (A + 1

2
). Under this transformation the

potential given in Eq. (1) remains invariant. This symmetry implies another set of bound
state solutions with the eigenstates given by

E(B)
n = −(B − n−

1

2
)2; n = 0, 1, 2, ..., nmax < B −

1

2
, (4)

and

ψ
(B↔A+ 1

2
)

n (x) = N (γ,δ)
n (sech x)B−

1

2 exp(−i(A +
1

2
) tan−1(sinh x))P (γ,δ)

n (i sinh x), (5)

where the new parameters γ = −α = A−B + 1
2
and δ = β = −A−B − 1

2
.

At this point we observe that the potential given by Eq. (1) has been extended
rationally [33] for any positive integer values of m, i.e.

Vm(x,A,B) = V (x,A,B) + 2m(2B −m+ 1) + (2B −m+ 1)

× [(−2A− 1) + (2B + 1)i sinh x]
P

(−α,β)
m−1 (i sinh x)

P
(−α−1,β−1)
m (i sinh x)

−
(2B −m+ 1)2 cosh2 x

2

(

P
(−α,β)
m−1 (i sinh x)

P
(−α−1,β−1)
m (i sinh x)

)2

,

(6)

where V (x,A,B) is the conventional PT symmetric complex Scarf II potential given in Eq.
(1). Like the complex PT symmetric Scarf II potential given by Eq. (1), these extended
potentials are also SI under the translation of the parameters A→ A− 1 and the energy
eigenvalues are (real) and the same (i.e. isospectral) as that of the conventional one as
given by (2). The bound state eigenfunctions corresponding to the extended potential (6)
are given by

ψ(A,B)
n,m (x) = N (α,β)

n,m ×
(1 + sinh2 x)−

A
2 exp {−iB tan−1(sinh x)}

P
(−α−1,β−1)
m (i sinh x)

P̂
(α,β)
n+m (i sinh x), (7)

where N
(α,β)
n,m is a normalization constant and P̂

(α,β)
n+m (i sinh x) is Xm Jacobi EOPs. orthogo-

nal polynomials. As expected, for m = 0, the above rationally extended potential (as well
as the corresponding eigenfunctions) reduce to the conventional one as given by Eqs. (1)
and (2) while for m = 1 the potential corresponds to the case of X1 EOPs [32]. Here it is
important to note that unlike the conventional potential Eq. (1), the rationally extended
potential Eq. (6) is not invariant under the transformation B ←→ A + 1

2
, rather it goes
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over to another extended potential given by

Vm(x,B ↔ A+
1

2
) = V (x) + 2m(2A−m+ 2) + (2A−m+ 2)

× [(−2B) + (2A+ 2)i sinh x]
P

(−γ,δ)
m−1 (i sinh x)

P
(−γ−1,δ−1)
m (i sinh x)

−
(2A−m+ 2)2 cosh2 x

2

(

P
(−γ,δ)
m−1 (i sinh x)

P
(−γ−1,δ−1)
m (i sinh x)

)2

.

(8)

The energy eigenvalues of this potential are isospectral to that of the conventional poten-
tial obtained after the transformation B ←→ A+ 1

2
and are given by Eq. (4). The bound

state eigenfunctons corresponding to this new rationally extended potential are given by

ψ
(B↔A+ 1

2
)

(n,m) (x) = N
(γ,δ)
(n,m) ×

(sech x)A exp(−iB tan−1(sinh x))

P
(−γ−1,δ−1)
m (i sinh x)

P̂
(γ,δ)
n+m(i sinh x). (9)

The above rationally extended potential is also SI under the translation of parameter
B −→ B − 1 .

2.2 REPTS complex RM-II potential

This potential belongs to the second category of the rationally extended potentials whose
bound state solutions are not in the exact form of EOPs, they are in the form of some
types of new polynomials [10]. These polynomials can be written in terms of classical
Jacobi polynomials. Further, these potentials do not satisfy the usual SI property, but
instead they satisfy an unusual type of enlarge SI property where both the potential
parameters as well as the order of the polynomials change.

Using first-order SUSY QM, Quesne [10] obtained the rationally extended real Rosen-
Morse II (RM-II) potential by considering the conventional real Rosen-Morse II potential.
We can then obtain the rationally extended PT symmetric complex RM-II potentials by
essentially following the approach of [10] by considering the PT symmetric complex RM-
II potential [41] (which can be obtained by changing the potential parameter B −→ iB

in the conventional real potential) as

VA,iB(x) = −A(A + 1)sech2x+ 2iB tanh x, −∞ < x <∞, (10)

where A > 0. The bound state energy eigenvalues turn out to be real

E(A,iB)
n = −(A− n)2 +

B2

(A− n)2
, n = 0, 1, 2...., nmax < A. (11)

The corresponding wavefunctions in terms of classical Jacobi polynomials P (A−n+ iB
A−n

,A−n− iB
A−n

)(z)
are

ψ(A,iB)
n (x) ∝ (1− tanhx)

1

2
(A−n+ iB

A−n
)(1+ tanh x)

1

2
(A−n− iB

A−n
)P

(A−n+ iB
A−n

,A−n− iB
A−n

)
n (z), (12)
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where z = tanhx. Similar to the real case [10], this complex PT symmetric potential can
be extended rationally by determining all possible polynomials-type, nodeless solutions
φ(x) of the Schrödinger equation

−
d2φ(x)

dx2
+ VA,iB(x)φ(x) = Eφ(x) (13)

with the factorization energy E < E
(A,iB)
0 = −A2 + B2

A2 . Out of all the possible solutions
of φ(x), two independent polynomial type solutions φ1(x) and φ2(x) with the energy
E1 and E2 respectively have been constructed (for detail see Ref. [10]). On putting
some restrictions on the parameters A and B, three acceptable polynomial-type, nodeless
solutions are obtained. By considering the conventional potential with some different A′

i.e.
V (+)(x) = V(A′

,iB)(x), (14)

the rationally-extended PT symmetric Rosen Morse-II potential V (−)(x) with given A

and B is obtained as

V (−)(x) = V(A,iB,ext)(x) = V(A,iB)(x) + V(A,iB,rat)(x), (15)

where

V(A,iB,rat)(x) = 2(1− z2)







2z
ġ
(A,iB)
m

g
(A,iB)
m

− (1− z2)

[

g̈
(A,iB)
m

g
(A,iB)
m

−

(

ġ
(A,iB)
m

g
(A,iB)
m

)2 ]

−m







, (16)

with z = tanh x. Here dot denotes a derivative with respect to z.

According to the different conditions on the potential parameters they categorize the
extended potentials into three types. Out of these three, first two are isospectral to their
conventional one. Both of these extended potentials are equivalent, they differ only in the
range of the potential parameters.

Here we consider type I case and define the parameter A
′

= A + 1, and the other
parameters as

g(A,iB)
m (z) = P (αm,βm)

m (z),

where αm = A + 1−m+
iB

A+ 1−m
,

βm = A + 1−m−
iB

A + 1−m
; m = 1, 2, 3, ....; A > m− 1, (17)

one obtains the rationally extended RM-II potentials, V (−)(x) = V(A,iB,ext)(x) isospectral
to the potentials V (+)(x) with a bound state spectrum

En = −(A+ 1− n)2 +
B2

(A+ 1− n)2
, n = 0, 1, 2....nmax, nmax < A+ 1. (18)
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The corresponding bound state eigenfunctions of V (+)(x) and V (−)(x) are given by

ψ(+)
n (x) ∝ (1− z)

αn
2 (1 + z)

βn
2 P (αn,βn)

n (z)

(19)

and

ψ(−)
n (x) ∝ Âψ(+)

n (x) (20)

respectively. Where the parameters αn = A + 1− n + iB
A+1−n

, βn = A+ 1− n− iB
A+1−n

and operator

Â = (1− z2)
d

dz
+

iB

A+ 1
+ (A+ 1)z −

2(m+ αm)(m+ βm)

2m+ αm + βm

g
(A−1,iB)
m−1

g
(A,iB)
m

. (21)

Using Â and z in Eq. (20) and after simple calculation the wavefunction ψ
(−)
n (x) is given

by

ψ(−)
n (x) ∝

(1− z)
αn
2 (1 + z)

βn
2

g
(A,iB)
m (z)

y(A,iB)
ν (z), ν = m+ n− 1 (22)

where y
(A,iB)
ν (z) is some new type of ν th-degree polynomial in z defined in terms of

classical Jacobi polynomials as

y(A,iB)
ν (z) =

2(n+ αn)(n + βn)

2n+ αn + βn
g(A,iB)
m (z)P

(αn,βn)
n−1 (z)−

2(m+ αm)(m+ βm)

2m+ αm + βm
g
(A−1,iB)
m−1 (z)P (αn,βn)

n (z). (23)

The superpotential corresponding to this potential is given by

W̄ (x) = − log(ψ
(−)
0 (x))′

=
iB

A + 1
+ (A+ 1)z − (1− z2)

(

ġ
(A−1,iB)
m−1

g
(A−1,iB)
m−1

−
ġ
(A,iB)
m

g
(A,iB)
m

)

. (24)

The partner potentials are
V̄ (±)(x) = W̄ 2(x)± W̄ (x), (25)

where

V̄ (+)(x) = V (−)(x) = V
(m)
(A,iB,ext)(x)

and V̄ (−)(x) = V
(m−1)
(A−1,iB,ext)(x). (26)

Similar to the real extended case [10], we see that the above rationally extended complex
PT symmetric potential also satisfies an unfamiliar type of extended SI conditions where
the partner potential V̄ (−)(x) is obtained by translating the potential parameter A→ A−1
(as in the usual SI condition) and the degree of the polynomial m→ m− 1.
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3 Scattering amplitudes: REPTS complex poten-

tials

In the case of one dimensional systems, the transmission and reflection amplitudes can be
calculated easily by assuming the asymptotic behavior of the wavefunctions at x −→ ±∞.

In this section, we first consider an asymptotically vanishing potential, the rationally
extended complex Scarf II potential and then a non-vanishing potential, the rationally
extended complex RM-II potential and obtain the scattering amplitudes in both the cases.

3.1 REPTS complex Scarf II potential

For simplicity, we first consider the potential whose bound state eigenfunctions are as-
sociated with the X1 Jacobi polynomial and then we generalize it to the Xm case. For
m = 1, the bound state eigenfunctions of the rationally extended complex PT symmetric
Scarf II potential are given by Eq. (7), i.e.

ψn,1(x) ∝
(1 + sinh2 x)−

A
2 exp {−iB tan−1(sinh x)}

P
(−α−1,β−1)
1 (i sinh x)

P̂
(α,β)
n+1 (i sinh x), (27)

where P̂
(α,β)
n+1 (i sinh x) is the X1 Jacobi polynomial [1, 2] written in terms of classical Jacobi

polynomial as

P̂
(α,β)
n+1 (i sinh x) =

1

2(α+ β + 2n)

[

{(b− i sinh x)(α + β + n) + 2b}P (α,β)
n (i sinh x)

− 2P
(α,β)
n−1 (i sinh x)

]

, (28)

with b = β+α

β−α
.

Using the properties of Jacobi polynomials [42]

2P
(α,β)
n−1 (z) =

(2n+ α + β)(1− z2)

(n+ α)(n+ β)

d

dz
P (α,β)
n (z)−

n
[

(α− β)− (2n+ α+ β)z
]

(n + α)(n+ β)
P (α,β)
n (z),

(29)

the X1 Jacobi polynomial as given by Eq. (28) can be simplified in terms of P
(α,β)
n (i sinh x)

P̂
(α,β)
n+1 (i sinh x) =

1

2(α + β + 2n)

[{

(

(b− i sinh x)(α + β + n) + 2b
)

+
n
[

(α− β)− (2n + α+ β)i sinh x
]

(n + α)(n+ β)

}

P (α,β)
n (i sinh x)

−
(2n+ α + β)

(n+ α)(n+ β)

(

cosh x

i

)

d

dx
P (α,β)
n (i sinh x)

]

. (30)
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In terms of hypergeometric function, the classical Jacobi Polynomial P
(α,β)
n (i sinh x) can

be written as

P (α,β)
n (i sinh x) = (−1)n

Γ(n+ β + 1)

n!Γ(1 + β)
F

(

n+ α + β + 1,−n; 1 + β;
1 + i sinh x

2

)

. (31)

Using Eqs. (30), (31) and (27), we get the bound state eigenfunctions in terms of hyper-
geometric functions.

To get the scattering state solutions, we must retain the second solution which has
been discarded in the case of bound states since it diverged asymptotically. The second
solution is included by replacing the hypergeometric function F (a, b, c, z̃) by

F (a, b; c; z̃) = C1F (a, b; c; z̃) + C2z̃
1−cF (a− c+ 1, b− c+ 1; 2− c; z̃), (32)

where C1 and C2 are two constants. Further, instead of the parameter n labeling the
number of nodes, one must use the wavenumber k so that one gets the asymptotic wave-
functions in terms of e±ikx as x→ ±∞.

To get the asymptotic wavefunctions at x → ±∞ now we use another properties of
Hypergeometric function [42]

F (a, b; c; z̃) =
Γ(c)Γ(b− a)

Γ(b)Γ(c− a)
(−1)az̃−aF (a, a+ 1− c; a+ 1− b;

1

z̃
) +

Γ(c)Γ(a− b)

Γ(a)Γ(c− b)
(−1)bz̃−bF (b, b+ 1− c; b+ 1− a;

1

z̃
). (33)

Now using Eq.(33) and then taking the asymptotic behavior of the Eq. (27) and after
replacing n by A+ ik, we get

lim
x→∞

ψ(k, x) ≃
exp(− iπB

2
)

(−iB)

[

(

C1ak + C2ck(−1)
(−β)
)

(

1

4i

)(A−ik)

ξ1(k)e
−ikx

+ (C1bk + C2dk(−1)
(−β))

(

1

4i

)(A+ik)

eikx

]

.

and

lim
x→−∞

ψ(k, x) ≃
exp( iπB

2
)

(−iB)

[

(

C1ak(−1)
A−ik + C2ck(−1)

−(B+ik+ 1

2
)
)

(

1

4i

)A−ik

× ξ1(k)e
ikx + (C1bk(−1)

A+ik + C2dk(−1)
(−B+ik− 1

2
))

×

(

1

4i

)A+ik

e−ikx

]

. (34)

where

ak =
Γ(1 + β)Γ(−2A− 2ik − α− β − 1)

Γ(−A− ik)Γ(−A− ik − α)
, bk =

Γ(1 + β)Γ(2A+ 2ik + α + β + 1)

Γ(A+ ik + α+ β + 1)Γ(A+ ik + β + 1)
,

9



ck =
Γ(1− β)Γ(−2A− 2ik − α− β − 1)

Γ(−A− ik − β)Γ(−A− ik − α− β)
, dk =

Γ(1− β)Γ(2A+ 2ik + α + β + 1)

Γ(A+ ik + α+ 1)Γ(1 + A+ ik)

and

ξ1(k) = 1 +
(2ik)

(A+ ik + α)(A+ ik + β)
. (35)

The asymptotic behavior of the wave functions due to left incident wave is given by

lim
x→−∞

ψν(x) ≃ eikx + rleft(k)e
−ikx

and lim
x→∞

ψν(x) ≃ tleft(k)e
ikx (36)

On comparing Eqs. (34) and (36), one can easily obtain the constants C1 and C2

C1 =
exp(− iπB

2
)( 1

4i
)(−A+ik)(−1)(B+ik+ 1

2
)

ak{(−1)−β − (−1)β}
×

1

ξ1(k)
(37)

and

C2 =
− exp(−iπB

2
)( 1

4i
)(−A+ik)(−1)(−A+ik)

ck{(−1)−β − (−1)β}
×

1

ξ1(k)
. (38)

In this way, we obtain the left transmission and reflection amplitudes

tleft(k) = tusualleft (k)×

(

(ik − 1
2
)2 −B2

(ik + 1
2
)2 − B2

)

and

rleft(k) = rusualleft (k)

(

(ik − 1
2
)2 −B2

(ik + 1
2
)2 −B2

)

, (39)

where tusualleft (k) and rusualleft (k) are the transmission and reflection amplitudes for the usual
PT symmetric complex Scarf II potential [43] and are given by

tusualleft (k) =
Γ(−A− ik)Γ(1 + A− ik)Γ(1

2
−B − ik)Γ(1

2
+B − ik)

Γ(−ik)Γ(1 + ik)Γ2(1
2
− ik)

, (40)

and

rusualleft (k) = tusualleft (k)× i

[

cos πA sin πB

cosh πk
+

sin πA cosπB

sinh πk

]

(41)

respectively. Similar to the left incident wave, for the right incident case the asymptotic
wavefunctions are

lim
x→∞

ψν(x) ≃ e−ikx + rright(k)e
ikx

and lim
x→−∞

ψν(x) ≃ tright(k)e
−ikx (42)
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By following similar procedure, for the case of the right incident wave, using Eqs. (34)
and (42) we obtain

tright(k) = tleft(k)

and

rright(k) = rusualright (k)×

(

(ik − 1
2
)2 − B2

(ik + 1
2
)2 −B2

)

, (43)

with

rusualright (k) = tusualright (k)× i
[

−
cos(πA) sin(πB)

cosh(πk)
+

cos(πB) sin(πA)

sinh(πk)

]

. (44)

Generalization to the Xm case:

Generalization to the case of Xm is straightforward. We start from Eq. (7) where the

n + m th degree Xm Jacobi orthogonal polynomial P̂
(α,β)
n+m (i sinh x) can be expressed in

terms of the classical Jacobi polynomials by

P̂
(α,β)
n+m (i sinh x) =

{

P (−α−2,β)
m (i sinh x) +

2n(m− α + β − 1)P
(−α,β)
m−1 (i sinh x)

(2m− α+ β − 2)(2n+ α+ β)

−
n(β +m− 1)P

(−α,β)
m−2 (i sinh x)

(α + n−m+ 1)(2m− α + β − 2)

}

P (α,β)
n (i sinh x)

+
(m− α + β − 1)(α + n)

(α + n−m+ 1)(2n+ α + β)
P

(−α,β)
m−1 (i sinh x)P

(α,β)
n−1 (i sinh x).

(45)

On using Eq. (29) in the above equation and by considering the normalization of the
Jacobi polynomials

P (α,β)
m (i sinh x) =

Γ(α + β + 2m+ 1)

m!Γ(α + β +m+ 1)

(

i sinh x− 1

2

)m

+ (lower degree terms), (46)

and following the same steps as in the X1 case it is straightforward to obtain the scattering
amplitudes tleft(k,m) and rleft(k,m) in the Xm case. We obtain

tleft(k,m) = tusualleft (k)×

(

[B2 − (ik − 1
2
)2] + (B − ik + 1

2
)(1−m)

[B2 − (ik + 1
2
)2] + (B + ik + 1

2
)(1−m)

)

and

rleft(k,m) = rusualleft (k)×

(

[B2 − (ik − 1
2
)2] + (B − ik + 1

2
)(1−m)

[B2 − (ik + 1
2
)2] + (B + ik + 1

2
)(1−m)

)

. (47)

Similarly, tright(k,m) and rright(k,m) for the Xm case are given by

tright(k,m) = tleft(k,m)
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and

rright(k,m) = rusualright (k)×

(

[B2 − (ik − 1
2
)2] + (B − ik + 1

2
)(1−m)

[B2 − (ik + 1
2
)2] + (B + ik + 1

2
)(1−m)

)

. (48)

As mentioned above, under the parametric symmetry B ↔ A + 1
2
, while the conven-

tional complex Scarf II potential (1) (and hence the corresponding scattering amplitudes)
are invariant, but the rationally extended complex Scarf II potential (6) is not invariant
under this parametric transformation but instead we get another extended complex Scarf
II potential Eq. (8). The scattering amplitudes of the new extended potential Eq. (8) can
be easily obtained by considering the asymptotic behavior of the bound state solutions
given in Eq. (9) or by simply replacing the parameters B ↔ A+ 1

2
in Eqs. (47) and (48).

Remarks:

• It is interesting to note that as we go from the conventional to the rationally extended
Xmcase, we get the new expressions for transmission and reflection amplitudes with

an extra m dependent term
(

[B2−(ik− 1

2
)2]+(B−ik+ 1

2
)(1−m)

[B2−(ik+ 1

2
)2]+(B+ik+ 1

2
)(1−m)

)

multiplied with the trans-

mission and reflection amplitudes of the conventional PT invariant potential.

• We can check easily that for m = 0 the above results correspond to the results of
the conventional PT symmetric Scarf II potential [43] and for m = 1 the results
reduce to the results of X1 case as given by Eqs. (40) and (43).

• As in the conventional case [43], even in the rationally extended complex Scarf II
case the reflection coefficient exhibits the handedness effect i.e., rleft(k) 6= rright(k).

• Since |
[B2−(ik− 1

2
)2]+(B−ik+ 1

2
)(1−m)

[B2−(ik+ 1

2
)2]+(B+ik+ 1

2
)(1−m)

| = 1, hence T (k) and R(k) satisfy the same reci-

procity, unitarity and other scattering properties as satisfied by the convention PT
symmetric Scarf II potential [31, 44].

3.2 REPTS complex RM-II potential

This is an asymptotically nonvanishing potential. For such potentials we define the wave
numbers k for x < 0 and k′ for x > 0. The asymptotic wave functions in terms of k and
k′ are thus given by

lim
x→−∞

ψ(x) ≃ eik
′x + rleft(k, k

′)e−ikx

and lim
x→+∞

ψ(x) ≃ tleft(k, k
′)eik

′x, (49)

where rleft(k, k
′) and tleft(k, k

′) are reflection and transmission amplitudes due to left
incident wave. Similarly for the right incident wave we have

lim
x→∞

ψ(x) ≃ e−ikx + rright(k, k
′)eik

′x

and lim
x→−∞

ψ(x) ≃ tright(k, k
′)e−ikx. (50)

12



The reflectivity R(k, k′) and the transmitivity T (k, k′) are

R(k, k′) = |r(k, k′)|
2

and T (k, k′) = |t(k, k′)|
2

(51)

respectively.

For this asymptotically non-vanishing potential, the bound state energy eigenvalues
and the eigenfunctions are given by Eqs. (18) and (20) respectively. For B > 0, the
non-vanishing part of the potential will be emissive for x > 0 and absorptive for x < 0.
Due to this reason the asymptotic wave numbers k and k′ will be complex and expressed
in terms of αn and βn as

En − V
(−)(x→ +∞) = En − 2iB = −α2

n = k2

and En − V
(−)(x→ −∞) = En + 2iB = −β2

n = k′2. (52)

Thus the complex parameters αn and βn can be written as

αn = ik′ βn = ik. (53)

Eq. (19) when expressed in terms of hypergeometric function, takes the form

ψ(+)
n (x) ∝ (1− tanhx)

αn
2 (1 + tanh x)

βn
2 F (n+ αn + βn + 1,−n; 1 + αn;

1− tanh x

2
). (54)

Now we also have to consider the second solution of the hypergeometric function by using
Eq. (32). The wavefunction ψ

(+)
n (x) at x −→∞ takes the form

lim
x→∞

ψ(+)
n (x) ∝

(

C1e
−αnx + C2e

αnx

)

. (55)

To get the asymptotic solutions at x → −∞ we use another property of the hypergeo-
metric functions [42]

F (a, b; c; z) =
Γ(c)Γ(c− a− b)

Γ(c− a)Γ(c− b)
F (a, b; a+ b− c+ 1; 1− z) + (1− z)c−a−b

Γ(c)Γ(a+ b− c)

Γ(a)Γ(b)
F (c− a, c− b; c− a− b+ 1; 1− z) (56)

in Eq. (54) and get

lim
x→−∞

ψ(+)
n (x) ∝

(

(C1χ1 + C2χ2)e
βnx + (C1χ3 + C2χ4)e

−βnx

)

, (57)

where

χ1 =
Γ(1 + αν)Γ(−βν)

Γ(−ν − βν)Γ(1 + αν + ν)
; χ3 =

Γ(1 + αν)Γ(βν)

Γ(ν + αν + βν + 1)Γ(−ν)

χ2 =
Γ(1− αν)Γ(−βν)

Γ(−αν − βν − ν)Γ(1 + ν)
; χ4 =

Γ(1− αν)Γ(βν))

Γ(ν + βν + 1)Γ(−ν − αν)
. (58)
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Using Eq. (19) the asymptotic wavefunctions of the rationally extended complex Rosen-
Morse II potential are given by

lim
x→∞

ψ−

ν (x) ∝ lim
x→∞

[

Âψ+
ν (x)

]

= C1(αm − ik
′)e−ik′x + C2(αm + ik′)eik

′x,

and

lim
x→−∞

ψ−

ν (x) ∝ lim
x→−∞

[

Âψ+
ν (x)

]

=
[

(C1χ1 + C2χ2)(ik − βm)
]

eikx +
[

(C1χ3 + C2χ4)(−ik − βm)
]

e−ikx.

(59)

Now comparing Eq. (49) with Eq. (59), we get the constants

C1 = 0; and C2 =
1

χ2(ik − βm)
, (60)

with the same αm and βm given in Eq. (17).

Using χ2 and the above constants C1 and C2, we can easily obtain the scattering
amplitudes due to left incident wave

tleft(k, k
′, m) =

(αm + ik′)

(ik − βm)
× tusualleft (k, k′),

and

rleft(k, k
′, m) =

(−βm − ik)

(−βm + ik)
× rusualleft (k, k′), (61)

where tusualleft (k, k′) and rusualleft (k, k′) are the left transmission and reflection amplitudes for
the usual PT symmetric complex Rosen-Morse potential [41] given by

tusualleft (k, k′) =
Γ(−A− 1− ik

′

2
− ik

2
)Γ(A+ 2− ik

′

2
− ik

2
)

Γ(1− ik′)Γ(−ik)
(62)

and

rusualleft (k, k′) =
Γ(ik)

Γ(−ik)

Γ(−A− 1− ik
′

2
− ik

2
)Γ(A+ 2− ik

′

2
− ik

2
)

Γ(−A− 1− ik
′

2
+ ik

2
)Γ(A+ 2− ik

′

2
+ ik

2
)
. (63)

Similarly from Eqs. (50) and (59) we can easily obtain

tright(k, k
′, m) =

(−βm − ik)

(αm − ik
′)

(

k
′

k

)

Γ(−A− 1− ik
′

2
− ik

2
)Γ(A+ 2− ik

′

2
− ik

2
)

Γ(1− ik′)Γ(−ik)

=

(

βm − ik

αm − ik′

)(

ik − βm
ik′ + αm

)(

k′

k

)

tleft(k, k
′, m)
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and

rright(k, k
′, m) =

(αm + ik
′

)

(αm − ik
′)

Γ(ik
′

)

Γ(−ik′)

Γ(−A− 1− ik
′

2
− ik

2
)Γ(A+ 2− ik

′

2
− ik

2
)

Γ(−A− 1 + ik
′

2
− ik

2
)Γ(A+ 2 + ik

′

2
− ik

2
)
. (64)

Remarks:

• Similar to the extended PT invariant complex Scarf II case, the left/right scattering
amplitudes for the extended complex Rosen-Morse II potential are also modified
with an extra m dependent factor. As expected, in the special case of m = 0 these
results match exactly with those of complex PT invariant RM-II.

• Due to the asymptotically non-vanishing behavior of the extended Rosen-Morse
II potential, from Eqs. (61) and (64) we observe that on changing the direction
of the incoming wave, the transmission amplitude too changes by a phase factor

of
(

βm−ik

αm−ik′

)(

ik−βm

ik′+αm

)

(

k′

k

)

. Further, as in the extended complex Scarf II case, the

reflection amplitude for this potential also exhibits the handedness effect.

• Since the absolute value of the extra term is one, hence the scattering properties
such as the unitarity and the reciprocity will be the same for the complex extended
PT invariant as well as the conventional complex PT invariant Rosen-Morse II
potential

4 Summary and Conclusions

In this paper, we have filled the missing gap by discussing the bound state eigenfunctions
of the rationally extended PT symmetric complex Scarf II and Rosen-Morse II potentials.
The eigenvalues of these potentials are isospectral to their conventional counterparts and
the eigenfunctions are written in terms of Xm EOPs and some new types of polynomials
respectively. Further, we have briefly discussed the parametric symmetry related to the
extended Scarf II potential. The reflection and the transmission amplitudes have also
been calculated for these potentials and we have shown that as we go from the case of the
conventional to the extended case, we get the modified scattering amplitudes which are
now m dependent. Some of the important scattering properties related to these potentials
such as the handedness effect, the reciprocity and the unitarity have also been discussed.
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