Journal of Number Theory 154 (2015) 179-200

ELSEVIER

Contents lists available at ScienceDirect

NUMBER

Journal of Number Theory THioR

www.elsevier.com /locate/jnt

Continued fractions arising from Fj o @ Crosshark

R. Sarma **, S. Kushwaha®, R. Krishnan "

2 Department of Mathematics, Indian Institute of Technology Delhi, India
b Department of Mathematics, Shiv Nadar University, India

ARTICLE INFO

ABSTRACT

Article history:

Received 7 September 2014
Received in revised form 28
February 2015

Accepted 28 February 2015
Available online 3 April 2015
Communicated by David Goss

We have described a new kind of continued fraction which is
referred to as an Fi z-continued fraction. The Fi 2-continued
fraction arises from a subgraph (denoted as F1,2) of the Farey
graph. We have given a geometric interpretation of the partial
quotients and formulated an algorithm to find F 2-continued
fraction expansion of a number. We have also studied the ana-
logues of certain properties of regular continued fractions in

Keywords:
Continued fraction
Best approximation
Convergents

Farey graph

the context of F1 2-continued fractions.
© 2015 Elsevier Inc. All rights reserved.

1. Introduction

The action of the modular group I' = PSL(2,Z) on the extended set of rationals

Q = QU {oo} defined by
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where z,y € Z, (z,y) = 1 with the usual convention that oo is represented by & (z #£0)
has been studied, in various contexts. This action is transitive and the stabilizer of oo is

o 1)mezjez

Jones, Singerman, and Wicks, in [3], define certain graphs based on this action. The

the subgroup

diagonal action (given by g(a, 8) = (ga, gB)) of the modular group on Q x Q defines
the suborbital graph G, n for every N > 1 and u € Z with (u, N) =1 as follows: the set
of vertices is Q and the edges are given by a ~ 8 < 3¢ € I such that g(co) = o and
g(#) = B In fact, G, y is self-paired if and only if u* = —1(mod N) [3, Corollary 3.4].
Denote by F,, n the subgraph of G, x whose vertex set is

{gz r,y €Z, y >0, (z,y) =1 and le}U{OO}~

The vertex set for Fj 2 is denoted by X in the remainder of this note.
The congruence subgroup

To(N) = {(Z Z) er: N|c}

defines the following equivalence relation on Q by g1(00) Zn go(o0) for g1,90 € T, if
g1To(N) = g2T'o(N). If g1(c0) = £ and ga2(c0) = £, we have g1(c0) =y g2(00) if and
only if N|ry — sz. In fact, the vertex set of F, n is the equivalence class of oo in Q for
this relation [3].

The graph Fj 1 is called the Farey graph [3]. The regular continued fraction of a real
number is described in terms of the Farey graph and this is classical [4]. This motivates
us to investigate whether there is an analogue of the regular continued fraction which is
related to the graph Fi 5. Hence we arrive at the following definition.

A finite continued fraction of the form

12 a @ & (n > 0)
04+ b+ a1+ as+ an
or an infinite continued fraction of the form
1 2 €1 €9 €n

0T b aF mr ag
where b is an odd integer, aj,as, ... are even positive integers, and €1, €a,... € {1}, is
called an F o-continued fraction.

The above definition makes these new continued fractions closely related in form to
certain well-studied continued fractions known as semi-regular continued fractions (see
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Kraaikamp [5]) and in particular to continued fractions with even partial quotients (see
Schweiger [7]). The latter is referred to as the E.C.F. henceforth. They therefore satisfy
several properties analogous to those of the regular continued fraction. These properties
are summarized in Section 2.

On the other hand, the striking fact is the relation of this new continued fraction
with the graph Fi 2 and its properties (which are also recalled in Section 2). This vital
geometric link is explored in great detail in the subsequent sections.

Section 3 devotes itself to studying finite J; o-continued fractions and establishes a
bijective correspondence between them and the vertices of F 2, namely elements of X
Each finite Fj 2-continued fraction is shown to correspond naturally to a path in Fj o
from oo to its value. This result should be compared with the result of [3] that continued
11 - L with ¢; € Z correspond to shortest paths in

Cc1— Ca2— o Cn
the Farey graph from oo to its value. We also derive (for the special case of Fj ), the

fractions of the form co —

results of Deger, Begenk and Giiler [2] which relate certain infinite paths in suborbital
graphs with continued fractions. More generally, the main result of this section may be
compared to [1, Theorem 3.1].

In Section 4 we derive an algorithm to obtain the F; 2-continued fraction associated
with any element of X’ and relate this to the classical definition of the E.C.F. given in [7].

Section 5 shows that any real number can be expressed as an JFj p-continued fraction
and produces a geometric proof of the fact that an irrational number has a unique
F1,2-expansion. This should be compared with analogous result of Kraaikamp and Lopes
[6] regarding the E.C.F. expansion of an irrational number.

Section 6 is an elaborate study of the Fj o-expansions of elements of Q \ X. These
are the only real numbers where the uniqueness of Fj s-expansion fails and this failure
displays several patterns which prove useful in the subsequent analysis.

Section 7 deals with the important topic of the approximation properties of
JFi1 2-continued fractions of real numbers. Schweiger [8] observed that the E.C.F. ex-
pansion has very poor measure theoretic approximation properties and this holds for
F1,2-expansions too. However, the regular continued fraction has many classical best
approximation properties, and one can pose analogous questions for the new continued
fractions. For instance, a rational number p/q is called a best approximation of z € R if
for every rational number p’/q’ # p/q with 0 < ¢’ < g, we have |qz —p| < |¢x — p'|. Tt is
a classical theorem that every convergent of the regular continued fraction of z is a best
approximation of x and conversely (except in the case that x is a half-integer).

The central theme of [5] is to start with an alternate notion of best approximation
which is satisfied by the convergents of the regular continued fraction and study those
continued fraction expansions which improve these best approximation properties. Note
that though the E.C.F. belongs to the class of continued fractions studied in [5], their
convergents are not necessarily best approximations in this alternate notion.

In this light, it is an important achievement for the Fj o-continued fraction that a
suitable modification of the notion of best approximation yields the theorems of Section 7
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that any best approximation is an Fj o-convergent and conversely, in almost all cases.
Here the exceptions are once again the rationals which are not in X.

2. Preliminaries

We summarize the definitions and basic results of semi-regular continued fractions.
For more details see [5].

A pair of finite or infinite sequences {¢;}i>1 and {a;}i>0 with ¢; € {£1}, ap € Z and
for n > 1, a, € N is called a semi-regular continued fraction when €,1 + a,, > 1 and
in the infinite case a,, > 2 infinitely often. A semi-regular continued fraction, when it is
finite, is expressed as

€1 €9 €3 €n

a0+— —_ e —
a1+ a2+ as+ Ap

and when infinite, as

€1 €2 €3 €n
ao + _— .. . e
a1+ as+ as+ ap+

The integers a; (i > 0) are called the partial denominators of the continued fraction.
The integers €; (¢ > 1) are called partial numerators. The value of the expression

Pe @ e €& &

qk a1+ az+ as+ Qg

0 - =z _2

is called the k-th convergent of the continued fraction and the sequence {px/qx}r>0 is
called the sequence of convergents of this continued fraction. In fact, the sequence of
convergents of a finite continued fraction is a finite sequence. The continued fraction

i1+
is called the tail of the continued fraction at the i-th stage.

Remark 2.1.

(1) If ¢, =1 and a,, € N, n > 1 then we have the regular continued fraction.
(2) If ¢, = £1 and a,, is an even positive integer for n > 1 with ag € 2Z then we get an
E.C.F. (mentioned in Section 1).

(3) An Fj o-continued fraction yields an E.C.F. and vice-versa. Observe that x =
1 2 € €
0+ b+ (111+ 1122+

~-~ifand0nlyif2xfb:ai1+ a622+

The following three results about semi-regular continued fractions are well known.
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Proposition 2.2. Suppose {%}nzo is the sequence of convergents of a semi-regular con-
tinued fraction
€1 €2 €3 €n

(10"’777"'
a1+ as+ as+ ap+

Then {p,} and {q,} satisfy the following recurrence relations

P+l = nt1Pn + €nt1Pn—1 AN qni1 = Any1qn + €nt1qn-1
where (p—1,q-1) = (1,0), (po, o) = (a0, 1) and n > 0.

Proposition 2.3. Suppose x and y,, (n > 1) are real numbers such that for every n > 1,

.TZG/O“_— _—
a1+ a2+ as+ Ap + Yn+1

such that

€1 €2 €3 €n
aU + - ... “e
a1+ as+ as+ ap+

is a semi-regular continued fraction having value x. If p;/q; is the i-th convergent of the
continued fraction then

— Dn + Ynt1DPn—1

. (2.1)
Gn + Yn+1qn—1

413 _ _€2  _€3 . . . . .
Proposition 2.4. Let x = ag + a1+ ot aor be a finite or infinite semi-reqular

continued fraction. Then the following hold.

(1) The sequence {Qn}nzl 18 monotom’cally increasing if and only if €, +a, > 1, n > 2.

€n+t1 Entk
(2) Suppose y, = fop i o b Then €y, € [a—, 1], n > 0 and |gnx—pn| <
‘anlm — Pn— 1|
2 e € ., _€n .. i
For an Fj 2-continued fraction 0 T BF aT o i , the expression
pe 1 2 & e €k

qk 0+ b+ a1+ az+ ag

for k > 0 is called the k-th F; 2—convergent and the sequence {5—:}@0 is called the

il S
o + g s referred to as the fin at the

i-th stage. Observe, if y; is the fin at the i-th stage, then e; = sign(y;).

Theorem 2.5. Suppose © = ¢ ¢ i Ay ey o isan Ay 2-continued fraction

and {p’ °o s the sequence of Fi o-convergents of x. Suppose (p—1,9-1) = (1,0) and
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(posq0) = (b,2). Let y; be the fin at the i-th stage of an Fi 2-continued fraction of x.
Then

(1) fori >0, piy1 = aiv1pi + €iv1pi—1 and ¢iy1 = Ai41G; + €i41Gi-1;
(2) the sequence {q;} is strictly increasing;
(3) AL fori s
q

(@) fori =1, ] < 1;

T
(5) = n+1Pn + €Enr1Pn—1 where #; = —

Tn+1Gn T €nt1¢n—1 |yl
Proof. By assumption, x = ﬁ b%r aj;;—n . Hence, 2z = b + a1+---2—“--- is a

semi-regular continued fraction. Suppose s;/t; is the i-th convergent of 2z. Then

Di = S
q; = 2t;

Statement (1) follows from Proposition 2.2. Since a; > 2, we have ¢; + a; > 1 so that by
statement (1), {g;} is strictly increasing. Statement (3) follows from statement (2) and
the fact that (p;, ¢;) = 1. Statement (4) holds from Proposition 2.4(2). By Proposition 2.3

_ Sn + Yn+1Sn—1
tn + yn+1tn—1

so that (since z,41 = ﬁ)

_ Tn+1Pn + €En+1Pn—1

Tn+1Gn + €nt1qn—1

which is statement (5) of the theorem. 0O
We now recall a few results from [3] about the graph theoretic properties of Fj .

Proposition 2.6. (See [3, Theorem 5.1].) Let x,y,r,s € Z with (x,y) =1 = (r,s), Ny

and Nls so that % and % are vertices of Fy n. Then 7 ~ % in Fu N if and only if either

(1)
(2)

=ur mod N and ry — st = N, or

x
x = —ur mod N and ry — st = —N.

We have noted that G; o is self-paired. If @ and b are adjacent vertices, we treat the
pair of edges between a and b as one edge only.

Proposition 2.7. (See [3, Corollary 5.15].) Gi,2 is a forest. In particular, F1 2 s a tree.
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Fig. 1. A few vertices and edges of F 2 on the interval (0, 1).

Recall that the vertex set of F o is

X—{Q%: p,qéZ,q>0,(p,2Q)—1}U{00}- (2.2)

Since JFi 2 is a tree and oo € F 2, we have the following statement.
Corollary 2.8. There is a unique path (of edges in Fi2) from oo to every point in X.
Let x € X. Suppose the path from oo to z is given by
o~Pyp~P~---P,~-~P, =1 (2.3)

For convenience, we replace ~ by an arrow pointing towards x at every stage in (2.3) so
that it is expressed as

o—-+FP—+P—--—>P,—---—= P, ==z

By the distance between z,y € X, we mean the number of edges required to join z
and y in F; 5. We represent the edges of F; 2 as hyperbolic geodesics in the upper half
plane

U={zeC:Im(z) > 0},

that is, as Euclidean semicircles or half lines perpendicular to the real line (see [3]). See
Fig. 1 where a few edges are displayed for vertices lying in (0, 1).

Lemma 2.9. (See [3, Corollary 4.2].) No two edges of Fi12 cross inU.

Corollary 2.10. The set of vertices of a connected component of the subgraph of Fi 2
obtained by deleting oo is given by (k,k +1)NX for some k € Z.

Proof. Let b = 2k 4+ 1 so that b/2 is the midpoint of the interval (k,k + 1). Set for
each n € N, P,(+) = & + s and Pu(-) = b 30y~ Then observe that bis
connected to P,(£) for every n € N and the maximum Euclidean distance can be

travelled in n steps from z in X'\ {oo} by following 2 — Pi(+) — -+ = P,(+) or
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b — Pi(=) = --+ = Py(—). So the (Euclidean) diameter of the connected component

is lim 2 5+2— = 1. Thus the connected component containing b/2 is contained in
n— 00 2(n+1)
(k,k+1)NnX.

On the other hand, if x € (k,k + 1) N X, there exists n € N such that P,(—) < z <
P, (+). By Lemma 2.9,  must be connected to oo via b/2. Thus, the result follows. 0O

From the proof of Corollary 2.10, we also obtain the following result.

. 2|z|+1
Corollary 2.11. If x € X \ {oo}, then x is connected to 0o through %

3. Finite J; »-continued fractions
Theorem 3.1.

(A) The path in F1 o from oo to x € X defines a finite F1 2-continued fraction of x.

(B) The value of every finite Fi 2-continued fraction belongs to X and the continued
fraction defines a path in Fi o from oo to its value with the convergents as the
vertices.

Proof. To prove statement (A), let x € X. Then by Corollary 2.8, there is a path from
00 to x in F7 2. Suppose

co—-+FP—+P— =P, —.- - =P, ==z,

where P, = QPTkk for some pi € Z, qr € N with (pg,2qx) = 1. By Corollary 2.11, Py = g

where b = 2|z | + 1. We complete the proof by induction on the distance of x from oo.
By induction hypothesis, any vertex P; = 21)_(; on the path having distance ¢ + 1
(1 <i<k) from oo is represented by the continued fraction
Di 1 2 a e €;

2¢; 0+ bt art ast a4

Since P, — Pyy1 and P;_1 — P, by Proposition 2.6, we have 2pi4+1qx — 2qr+1px = 2€y;
and 2prqr_1 — 2qppr—1 = 2ex_1 where e; = +1 for each i. Hence,

Pk4+14k — Qe+1Pk = €k (3.1)
Pkqk—1 — qkPk—1 = €k—1 (3.2)
so that pry1qx = —ex—1exPr—1qr (mod py). Since py and g are coprime, we have pg1 =

—ep—1€xPr—1 (mod pr) and hence

Pk+1 = Qkp4+1Pk — €k—1€kPE—1

for some agy1 € Z. Substituting this in (3.1) and using (3.2), we get
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(Ak+1PKGk + €k—1€k(Ek—1 — PrQl—1) — Qet1Pk = €k
= (Qk+19k — €k—1€kqk—1)Pk — Qk+1Pk = 0
= Qr41 = Ok41Gk — €k—1€kqk—1 (since py # 0).

Now, by setting €;4+1 = —eg_1€x, we have

Pk+1 = Ok4+1Pk + €k+1Pk—1

Qk+1 = Gk+1qk + €k+19k—1

Since pry1 and 2q41 satisfy the same recurrence relation with the initial condition
(p-1,9-1) = (1,0) and (po, 2qo) = (b,2), we have

P, =P 1 2 a e e G
* 2qk+1 0+ bt a1t ast  aptapgr

Since px_1, pr and pr41 are odd integers and piy1 = agr1Pk + €k+1Pk—1, We have ag41
is an even integer so that the path from oo to = defines a finite J; 2-continued fraction
of x given by

1 2 € € €n

T = _ .. .
04+ b+ a1+ as+ an

To prove statement (B), suppose

1 2 € € €n
04+ b+ a1+ as+ an

2 €1 €o

1
0+ b+ a1+ az+
1 <4 < n. By using induction on i, we will show that P; € X for each 0 < i < n. It is

easy to see that Py, P; € X. Since P; is a rational number, it is s;/t; for s;,t; € Z with
(siyt;) =1and t; > 0.

Then s = agSk—1 + €xSk—2 and tx = artp_1 + €xtr_o for £ > 2. By induction
hypothesis, Py, Py,...,P,_1 € X so that s; is odd and t; is even with ¢;_; < t; for each
0 < i < k — 1. Therefore using the above relations, s is odd and t; is even so that
x =P, € X and tx_; <ty (since ar > 2 > |eg])-

Now, by induction hypothesis, P,_1 — P;, for 1 < i < k — 1. Therefore,

is an Fj »2-continued fraction. Let Py = % and let P, =

--- £ for each
a;

Sktr—1 — tkSk—1 = (QkSk—1 + €xSk—2)th—1 — (Qrtr—1 + €xtr—2)Sk—1
= € (Sk—1tp—2 — tk—15K—2)

=12

so that P,_1; — Pj. So the given Fj 5-continued fraction defines the following path from
00 to the value (namely, ) of the given continued fraction

xc—FPh—->P - —>P—--— P, =x. O
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Corollary 3.2. The directions assigned to the edges of a path in Fi o from oo to x satisfy
the following property for a/b,c/d € X :

%—)2 ifandonlyif%wg and b < d.
Proof. By Theorem 3.1, a/b and ¢/d are consecutive convergents of = and if a/b is
k-th convergent then ¢/d is (k 4 1)-th convergent. Therefore, the corollary follows from
Theorem 2.5(2). O

To interpret the parameters of an F »-continued fraction geometrically, we introduce
the following definitions. Let @ € X be such that it is at least two units away from oo
(that is, at least two edges are required to join @ to co). Suppose the unique path from
oo to @ is given by

=P P —>P—---—P,=0Q

where n > 1. Then @ is called direction retaining if either P,_o < P,,_1 < Q or P,_5 >
P,_1 > @ where P_; = oco. If @ is not direction retaining, we call it direction changing.

The edges (which are semicircles) emanating from a vertex @ in a given direction (left
or right) are ordered in the following way. Suppose the path from oo to @ is as in the
previous paragraph. Suppose that in the given direction, the farthest (in Euclidean sense)
vertex adjacent to ) but different from P, _; is Q1. Then the edge joining @ to @ is
called the first semicircle emanating from @ in the given direction. The edge joining @ to
the farthest vertex in the same direction different from P,,_; and @Q; is called the second
semicircle emanating from @ in that direction. For any k& > 1, we define inductively the
k-th semicircle emanating from @Q in the given direction.

Proposition 3.3. Let x € X'\ {00} be such that it is not a half integer. Suppose, forn > 1,
o—+FPh—+P  -P— - =P, =x
and

0+ b+ a1+ as+ an

Then

(1) &1 = =1 if and only if x < % (and hence, P| < Py = %);

(2) fori>1, e, =—1 if and only if P; is direction retaining;

(3) fori>1, P; is on the k-th semicircle in the direction of P; emanating from P;,_; if
and only if a; = 2k.
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Proof. Suppose P; = %. Then 2 = 2 + L implies P; = Py + 521 The statement (1)

o %a; 2a7
follows. Observe that

Dit1  Pi _ _Q_H%q (ﬁ _ pi1> (3.3)
i+1 qi qi+1 \ ¢  gi-1

Statement (2) now follows from (3.3). Next, suppose P/ = & is another vertex such

that P,_; — P/ with P, and P/ lying in the same side of P,_;. Suppose the i-th partial
quotient of P/ is ¢;/a}. Then

Q

p _ p - G (pi—l _ pi—2> (a; — al)
) % q§ qi—1 qi—2 ' ’
=LL(p, — P_y)(a, —a;) (using (3.3)) (3.4)

K3

Statement (3) follows from (3.4) by considering all possibilities for a;. O

The following corollary to Proposition 3.3 tells that the “farthest” points (real num-
bers) connected to oo through a given point in X are in fact rational numbers. As
mentioned in the introduction, these results are related to those of [2, Section 4].

Corollary 3.4. Let {a;}; > 1 be a sequence of elements in X\ {oco} such that a1 lies on
the first semicircle emanating from «; for i > 1 and «; is direction retaining for i > 2.
Then {a;} converges to a rational number.

Proof. Note that the given conditions ensure that the path
ap =g =

is the farthest possible path from «; in the direction given by as. Let

VT b at amta

Then Proposition 3.3 ensures that the limit of {«;} is given by

0+ b+ a1+ as+  an+ 2+ 2+ 2+ 2+

with +£1 coming from the choice of ay. Therefore the corollary holds as

1 -1 -1 a
24 24 24
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4. An algorithm to find the F; 3-continued fraction

In the previous section we saw that any € A has a unique (finite) Fj 2-continued
fraction. Here we derive an algorithm to find this JFj o-continued fraction for a given x
in X.

Theorem 4.1. Given any x € X, the Fi o-continued fraction expansion

0+ b+ a1+ as+ an

is obtained as follows: b= 2|xz| + 1 and for (1 <1i < n), setting y1 = 2x — b,

(1) a; =2[1 (1+ ‘yli‘)J,
(2) € = sign(y;),

(3) yit1 = ‘;i‘ = G-

In fact, n is the smallest non-negative integer for which y,11 = 0.

Proof. Let y; be the fin at the i-th stage of the F; p-expansion of z, namely

€ €41 €n

Yi = —— .
ai+ a1+ an

Then b= 2|z + 1 (by Corollary 2.11) and y; = 22 — b. For 1 <14 < n, we also have

€

R 4.1
Qi + Yit+1 (4-1)

Yi =
By Proposition 2.5(4), |y;+1] <1 and a; is a positive even integer. This means that the
denominator in (4.1) is positive and hence €; = sign(y;) and «a; is the nearest even integer
to 1/]y;|. This gives us steps (1), (2) and (3) of the algorithm.
The last claim is also clear from the fact that the denominator in (4.1) is non-zero for
1<i<nandy,= Z—: by definition, giving y,4+1 =0. O

Remark 4.2. The fundamental step in the above algorithm is the process of writing
x = |y;| € [0,1] in the form

1

T = Wt T (@) (4.2)

where 2k = a; is a positive even integer, ¢ = +1 and T'(z) = |y;+1] € [0, 1].

For a precise definition of the map T : [0, 1] — [0, 1], we subdivide [0, 1] into disjoint
intervals of the form B(+1,k) = (4, 32— and B(—1,k) = (ﬁ, 5] for all integers
k > 1. Now, we define the map
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T(z) = e<1 - Zk), where e€==1, =z € B(e k). (4.3)
x

Essentially, 2k is the nearest even integer to 2 and T'(z) = |1 — 2k|.
This map T has been studied classically and the iteration of (4.2) results in the E.C.F.
expansion of y; (Schweiger [7]).

5. JF1,2-continued fractions of real numbers

Theorem 5.1. Every real number has an Fi 2-continued fraction.

Proof. In the concluding remarks of the previous section, we had seen that the
F1,2-expansion of x € X is obtained by repeated iteration of the map 7" starting from
y1 = 2z — b with b = 2|z| + 1. We claim that this repeated iteration (infinitely many
times, if necessary) produces an Fj g-expansion for any real number z.

In other words, while it is clear that the n-th iteration of T on y; = 2z — b yields the
relation (for n > 1)

1 2 € e €n

_______ n (5.1)

we need to show that the (infinite) continued fraction

1 2 €1 €9 €n
04+ b+ a1+ as+ an+

converges to x.
To prove this, we note that (5.1) implies that (2.1) holds (see Theorem 2.5) and hence
we have

2‘yn+1 ‘
Qn(Qn + yn—HQn—l)

Zi:
dn

T —

The right side above converges to 0 because g, are monotonically increasing integers
(Theorem 2.5) and |y,| < 1 as |y,| = T Y (|y1|). This completes the proof of the
theorem. 0O

Next, we explore whether every real number has a unique Fj p-continued fraction. In
fact, if x is a rational number not in X, there are exactly two Fi o-continued fractions
of x and we discuss this in Section 6. On the other hand, an irrational number has a
unique Fj >-continued fraction expansion and this is our next result.

Proposition 5.2. Every irrational number has a unique infinite Fy 2-continued fraction.
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Proof. Suppose y; is the fin at the first stage of an F 2-continued fraction of x so that

1 2
rT=— —.
0+ b+wys

Since x is not an integer, |y1| < 1. Hence 2z — 1 < b < 2x + 1 so that b has only one
possible value.

Let there be two distinct Fj o-continued fractions of a given irrational z. Suppose
{Pi}r>0 and {P,g}kzo are the sequences of Fj o-convergents corresponding to these
Fi o-continued fractions. We have shown in the above discussion that Py = Pj. Sup-
pose N is such that P; = P/ for every i < N but Pyy1 # Py, .

Without loss of generality, let Py11 < Py . Since no edges cross each other in the
graph 1o, we must have Pyy1 < o < Py,. Suppose for i € N, o4, 3; € X are such
that oy = Pyy1 and 81 = Py, with a1 > o; and fiy1 < f; so that a;;1 and
Bi+1 are the farthest (in Euclidean sense) points from «; and f; respectively, towards
connected by an edge. Suppose « and g are the limits of {«;} and {f;} respectively, then
a < z < . By Corollary 3.4, o and 8 are both rational so that a < x < . Observe,
Pyyi <o < a < xand Py ; > B > B > x. Hence, {P;}i>0 and {P/};>0 do not
converge to x and this contradicts the fact that they are sequences of F; >-convergents
ofxz. O

6. Infinite 77 2-continued fractions of rational numbers

We have already seen that every real z ¢ Q \ X has a unique Fj 2-expansion and
hence unique fins at every stage. In this section, on the other hand, we will show that
if z € Q\ X, it has exactly two J 2-expansions both of which are eventually constant.
The fin at the i-th stage is unique for all but finitely many values of i and when x has
more than one fin at the i-th stage, it has exactly two fins at that stage.

Proposition 6.1. Suppose x € R has an eventually constant F1 2-continued fraction. Then
x € Q if and only if all but finitely many partial numerators are —1 and all but finitely
many partial denominators are 2.

Proof. Suppose z = ﬁ % aell—l- a?—i— e ae—"+ -+ is such that a; = a;+1 and ¢; = ¢;41 for
each i > m. Then for some y € R (a fin), we have aej_y =y so that 42 + a;y — € = 0.
Thus, y is rational if and only if a,, = 2 and €, = —1. Since z is rational if and only if

y is rational, the result follows. 0O
Proposition 6.2. Suppose x € Q\ X. Then

(1) A fin of x at any stage is a quotient of two odd integers.

(2) Fins of x are £1 for all but finitely many. For a fived Fi 2-continued fraction of x
with fins y;, we define N = max({0} U {i > 1|y; # £1}). If N > 1, then yn is the
reciprocal of an odd integer.
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(3) The i-th fin y; of x is unique (independent of the Fi a-continued fraction) for i > 1
except for yn+1 (N as in statement (2)), which takes two possible values. Here N
also depends only on x and not on the F1 2-continued fraction chosen.

(4) There are at least two Fi 2-continued fraction expansions of x. In fact, they are both
infinite and eventually constant.

Proof. Since y; = 2z —b where b is odd, y; is the quotient of odd integers. Statement (1)

follows by induction since we have y;11 = — a; (by the definition of fin). Suppose

1
yi = ¢+ # +1. Again using the relation betwggrll successive fins, we get [s;| > |r;| = |$i+1]
so that the absolute values of both numerator and denominator are decreasing. Hence,
for some ¢ > 1, y; = £1. Let N be as in statement (2), then yy41 = 1 which implies
ynN+k = —1 for k > 2. In particular, if N > 1, yy is a reciprocal of an odd integer.

To establish statement (3), we proceed by induction. If N = 0 then y; = +1 and we
have nothing to prove. If N > 1 we have |y;| = |22 —b| < 1 and so there is a unique choice
of odd integer b at this stage. Hence y; is unique. In fact, for every stage i < N, there

is a unique choice of even integer a; such that |y;+1] = —a;] < 1, which makes y;11

I
il
unique. Since yny+1 = £1 and the succeeding fins are —1, we get N to be independent
of the particular 7 2-continued fraction.

Next we observe that if i = d is an odd positive integer, there are two nearest even
integers so that d = 2Ld'51J 1 =2|%L | +1and 1 = ﬁ % 2__41 e, —1= 2‘—_& 2‘—_& 2‘—_&
Thus, statement (4) follows. 0O

Corollary 6.3. A fin of x € R is £1 if and only if t € Q\ X.

Proof. Suppose a fin of x is £1. Then clearly x € Q. Since 1 = ﬁ 2‘_& 2‘_& -+ and
-1= 2‘—_& % % -+, = has an infinite F; »-continued fraction, so that € Q \ X. The

converse is statement (2) of Proposition 6.2. O

Lemma 6.4. Let for each i € N, ¢, = +1 and a; € 2Z. Then the following hold.

(1) If1=5 2 - thener =1, €41 = —1 and a; = 2 for every i > 1.
(2) If 1= 2 -, thene; = —1 and a; = 2 for every i > 1.

€2

al—+ aF where ¢; and a; are as stated in the lemma. Then,

Proof. Suppose —1 =

o2 e (6.1)

0+ —1+ a1+
defines an F; 2-continued fraction. By Theorem 3.1, there is a unique path from oo to
each convergent P, via the convergents P; with 0 <14 < n. Observe Py = —%. Note that
; =2 and ¢; = —1 for each ¢ € N is a solution of Eq. (6.1). In this case, P;1; lies in the
ﬁI‘bt circle emanating from P; (so that it is the farthest vertex towards left of P;) and the
path is direction retaining. Since no two edges intersect (Lemma 2.9), it is not possible to
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have one more sequence of Fi o-convergents of —1 via —1/2. This proves statement (2).
Statement (1) can be proved using a similar argument. O

Theorem 6.5. For every x € Q\ X, there are exactly two Fi a-continued fraction expan-
sions of x. In fact, there exist a unique pair of positive odd integers b, b', a unique non-
negative integer n, a unique pair of finite sequences {ay,as,...,an} and {a},db, ... al}
of positive even integers and a unique sequence {e1,€a,...,€,} of £1 such that

1 2 ¢ €2 €, —1 —1 —1

xr= — ... —_— e — e ..
0+ b+ a1+ ao+ an+ 24 2+ 2+

0+ b+ af+ ay+ ap+ 2+ 2+ 2+

where n = 0 if and only if x € Z, and in this case, b = + 2; and whenn > 1, b=V,
a;=a, (1 <i<n-1) and a, = a, + 2.

Proof. In view of Proposition 6.2(4), it is enough to show that there are at most two
Fi o-continued fractions for every element in Q \ X.

Let z € Q\ X and let x be an integer. Suppose y; is the fin at the first stage of an
F1,2-continued fraction of x so that

1 2

= — —. 6.2
v 0+ b+ w1 (62)

Since |y1| < 1 and y; = 22 — b (which is an integer), we have y; = £1 so that b = 2z +1.
Therefore, there are exactly two choices of b and their difference is 2. We conclude by
using Lemma 6.4 that x has exactly two JFi 2-continued fractions with n = 0.

Next, let x € Q\ X but ¢ Z. Again, suppose b and y; are as in (6.2). Since 22 — b
is not an integer, y; # £1. Thus |y;| < 1 and b has only one choice, namely, the odd
integer nearest to z. For every JFj o-continued fraction of x, we have a solution of the
following equation:

€1 €2 €n

e (6.3)
a1+ as+ Ap + Ynt1

Y1 =
where n > 1, ay,as,...,a, are positive even integers, ¢, = +1 (1 < ¢ < n) and
0 < |yn+t1|l < 1. Suppose in Eq. (6.3), n > 1 is such that there are unique solutions
for aj,as,...,an—1 and €, €a,...,€5_1 but (an,€n,yn+1) has more than one choices.
Our assumption implies that y,, is unique, hence so is €,. Let a,, ), be two possible
values of a,, and let P, and P! be the corresponding convergents. Since no two edges
of Fi 5 cross (Lemma 2.9), x lies between P, and P,,. Again by Lemma 2.9, P,, and P},
lie in consecutive circles emanating from P,_; in the same direction. Thus, difference
between «, and o, is exactly 2. In particular, a,, has at most two possible values sat-
isfying Eq. (6.3). Assume that there are two distinct possible values of a, and denote
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by Bn4+1 (and ;) the value of y,4; corresponding to a,, (respectively, o). Using
Proposition 4.1(3), |Bnt+1 — B 41| = 2 so that B = £1, f;, 1, = :Fl respectively. By

Lemma 6.4, the continued fractions of x will be obtained by using 1 = ﬁ % Q’—i --and
-1 = 2*—+1 211 211 . Thus, we have shown that there are exactly two JFj »-continued

fractions for every element in Q \ X. O

Example 1. For z = 2/7, we have,b=0b0'=1,n=2,a1 =a}) =2,a2 =4,a, = 2,61 = -1
3.4,-1,-1,-1.. }and {-2,4,1,-1,-1.. }
respectively. The corresponding convergents are

115 9 13 Jf113 715
2'4'18° 32" 16 M2 1107247387 52

and e3 = 1. The corresponding fins are {—

respectively.

Corollary 6.6. There are only finitely many common JFi-convergents of the two
F1,2-continued fraction expansions of x.

The next result characterizes the number N defined in Proposition 6.2 by the two
sequences of Fi o-convergents of z € Q \ X.

Corollary 6.7. Suppose x € Q\ X and p’“ € X is the k-th convergent of one of the
F1,2-continued fractions of x. Then p’; appears in both sequences of Fi 2-convergents of
x if and only if k < N — 1, where N is as defined in Proposition 0.2.

We call the F; o-continued fraction of z € Q \ X obtained by using the smallest even
integer greater than 1/|yx|if N > 1 (see Theorem 6.2(2) for yn ), the first Fq o-continued
fraction of . If N = 0, x is an integer and there are two choices for b (namely, 2z + 1).
In this case, the Fj 2-continued fraction obtained by setting b = 22 + 1, will be called
the first Fi o-continued fraction. The other F; o-continued fraction of z € Q\ X is called
the second F1 2-continued fraction of x.

Here we record a couple of lemmata which are useful in proving several results after-
wards.

Lemma 6.8. Suppose —1 is the fin at the (i + 1)-th stage of an Fi 2-continued fraction
of x. Then for every k >0, ¢iyr — Givx—1 = 25, where x = = with (r,s) = 1.

Proof. Suppose z = r/s with (r,s) = 1. Use statement (5) of Theorem 2.5 for n =i to

get o = {={=" (since the (i+1)-th fin is —1). Since (r, s) = 1, we have ¢; —g;—1 = 2ls for
I € N. In both the cases, we can show that |g;—17 —p;—1] = Q'*?]"—ll Thus w =

% which implies [ = 1 (since |¢;—17 — p;—15| is an integer). AS gi+x = 2¢i+k—1 — Gith—2

(recall a4, = 2 and €;4 = —1) for every k > 0, the lemma follows. O
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Lemma 6.9. Let {%}ZZO be a sequence of F1 o-convergents of x € R. Let p/q € X which
is not in this sequence of convergents. There exists a unique solution of the following
system of equations in «, 3

<p> :a<pn+1)+ﬁ(pn>. (6.4)
q An+1 an
In fact, the solution (o, B) € Z2 and if g, < q < qn+1, then |B] > 2.

Proof. Since the determinant of the coefficient matrix of Eqs. (6.4) is pn41¢n—gn+1p, =
+2 # 0, it has a unique solution. In fact, & = £(pg, — qpn)/2 and B8 = £(pn1+19 —
Gn+1p)/2. In particular, they are integers.

Next, suppose ¢, < ¢ < @nt1- To prove that |3] > 2, we require to show that
p/q * Ppnt1/dn+1- In fact, if p/q ~ ppi1/qni1, then ¢ < gny1 and hence the unique
path from oo t0 pnt1/gn+1 is via p/q. This contradicts our assumption that p/q is not a
convergent. O

We conclude this section by describing the relation between the two sequences of
Fi1 o-convergents of any € Q \ X. As a consequence, we also obtain a simple criterion
for an element of X to be an F; 2-convergent of .

Proposition 6.10. Let x = { € Q\ X. Suppose {L:}i>o and {Z—E"}k>0 are the sequences
> T ik>

of the first and second Fi 2-convergents of x. Let N be the smallest number such that

PN 4 PN

pr” # g Then, for every k >0,

1 =0=q=q, =2k+2;

) N
2) N>1 = qN+k<qN+k;<qN+k+1,
1
3) |aN+k—1T — PN4k— 1|—|QN+k 14— pN+k ==
)

4) Gy = Ck+1)gnie— 2k +2)qn -1 and Py = Ck+1)pN1r — (26 +2)pN 11

EIJ

(
(
(
(

Further, any p/q € X with q > qn_1 s an JF1 2-convergent of x if and only if |qgr—ps| = 1.

Proof. If N =0, then z is an integer. Hence statement (1) follows because qo = ¢ = 2
by definition and the difference between consecutive denominators is 2s = 2 from
Lemma 6.8.

Denote the partial denominators and partial numerators of the first Fj »-continued
fraction of x by a; and €; respectively. Similarly, denote the partial denominators and
partial numerators of the second F o-continued fraction of z by a} and €} respectively. If
N>1landd= y aT: then ay = QLd;rlJ, aly = QL%J and ey = €. Since qy—1 = ¢ly_1,
we have, by Theorem 2.5(1), gy = ¢y + 2gn—1 so that gy > ¢j. By Lemma 6.8, the
difference of successive elements of {gnyx}r>0 and {g_ x>0 is the same constant and
this establishes (2).
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Statement (3) was verified in the proof of Lemma 6.8, and statement (4) can be verified
by induction on k in a way similar to the proof of statement (2).

Suppose p/q € X is such that |¢gr — ps| = 1. If N = 0, then statement (1) and (4) give
that p/q is an Fi a-convergent of x. Let N > 1 and assume that p/q is not a convergent
of the first Fj o-continued fraction of z. This implies that ¢nyx—1 < ¢ < gn4k for some
k > 0 (using statement (3) and s > 3). By Lemma 6.9, ¢ = Bqn4k—1 + agn+r and
p = BPN+k—1 + apnk for o, B € Z with |B] > 2.

Hence 1 = |qr — ps| = |8 + a|. One can verify that S+ a = —1 with 8 < 0, is the only
possibility given the bounds on ¢. Thus, ¢ = agni+r — (@ + 1)gnir—1 = 250 — N1 k—1-
Hence there has to be a unique value of o that satisfies the bounds on ¢. Note that the
case o = 2k + 1 corresponds to ¢y 4 Which satisfies the given bounds by statement (2).
Thus, ¢ = q§v+k so that p/q is an Fj o-convergent of x.

The converse follows from (3). O

7. Best approximations and convergents

A rational number p/q is called a best approximation of x € R if for every rational
p'/q' different from p/q with 0 < ¢’ < ¢, we have |gz — p| < |¢'z — p'|. A rational number
p/q € X is called a best approzimation of x by an element of X, if for every p'/q € X
different from p/q with 0 < ¢’ < ¢, we have |gz — p| < |¢'z — p/|.

Recall when x ¢ Q \ X, there is a unique Fj o-continued fraction of x so that the
sequence of Fj o-convergents is well defined. Further, when z € &, the sequence of
convergents is finite. But when « € Q\ X, there are two distinct F; o-continued fractions
giving two sequences of Fj o-convergents of x. Recall that there are only finitely many
common Fj o-convergents (of z) corresponding to the two Fi o-continued fractions (see
Corollary 6.6).

Theorem 7.1. Suppose x € R. Then

(1) If x ¢ Q\ X, every Fi a-convergent of x is a best approzimation of x by an element
of X.

(2) Suppose x € Q\ X. An F12-convergent is a best approzimation of x by an element
of X if and only if it is a member of both the sequences of Fi 2-convergents of x.

The second statement of this theorem is illustrated in the following example.

Example 2. Recall (refer Example 1 after Theorem 6.5) that the two sequences of
JFi g-convergents of 2/7 are

115 9 13 ad113711

_____ B Yo B G BV W

2747187327 46 2747107247 38’
The common convergents are 1/2 and 1/4. It is not difficult to see that each of them
is a best approximation of 2/7 by an element of X. Suppose p/q € X with ¢ > 4.
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Then |q-2/7 —p| = 1/7|2¢ — Tp| > 1/7 = |4 -2/7 — 1|. Therefore, p/q cannot be a
best approximation of 2/7 by an element of X. Thus 1/2 and 1/4 are the only best
approximations of 2/7 by an element of X

Proof of Theorem 7.1. Suppose z ¢ Q\ X. Let {fz’—’;}li‘/fzo be the sequence of Fi »-conver-
gents. Here, M is finite if x € &, else M = oo. By Theorem 3.1, z—s = g,
b= 2|x] + 1. This is clearly a best approximation of x by an element of X

Let n > 0 be an integer with the restriction that n < M — 1 if M is finite. Assume
that, for 0 < k < n, p/qx is a best approximation of = by an element of X'. Now we

where

show that p,4+1/gn+1 is a best approximation of z by an element of X'. Note that the
case of M finite and n = M — 1 is clear as qyx — ppr = 0.

For any p/q € X different from p,,+1/¢n+1 with 0 < g < ¢y, then |gz—p| > |gnz—pn| >
|gn+12 — ppt1|- Next if ¢, < g < gna1, we use Theorem 2.5(5) to get

2
41T = Pnt1| = :
[9nt1 whl Tn+2qn+1 t €nt2qn
gz — p| = (22 (Pri1d = Gni1p) + ensa(Prd = anp)| (7.1)

Tnt2qn+1 + €ntoqn

Now, we will show that numerator in (7.1) is greater than 2. By Lemma 6.9, p =
Bpn + apni1, ¢ = Bqn + agny1 for some a, f € Z with |3] > 2. Thus,

2‘ﬁ-rn+2 - a€n+2|
Tnt2qn+1 + €nt2qn

gz —pl =
The proof of part (1) will be complete if we show that

|BTnt2 — a€pia] > 1. (7.2)

Case 1. Suppose 3 > 2. Since ¢ < gp+1, we have (@ — 1)gp41 < =8¢, < 0. Since « € Z,
we have a < 0. Again, since ¢, < 8¢, + @gGn+1, We have ﬁ_—f‘l < qqif Hence, a >1—-p
(since ¢n/qnt1 < 1). Thus we have shown 1 — 8 < o < 0. Using these bounds and the

fact that z,42 > 1 (by Corollary 6.3), inequality (7.2) follows.

Case 2. Suppose < —2. Since ¢ > 0, a > 1. Since ¢ < @41, a_—_ﬂ > q;% so that a < —p3

(since gnt1/qn > 1). Since p = Bp, +app41 is odd, a # —f and hence o < — — 1. Thus,
we have shown that 1 < o < —f — 1 which implies inequality (7.2) (since z,42 > 1).

For the proof of part (2), let x € Q \ X so that it has two Fj a-continued fractions.
Suppose pi/qr appears in both the sequences of Fj 3-convergents. Then, by Corollary 6.7,
we have z;41 > 1. Hence the result follows from the computation of the first part.

Conversely, suppose p,, /g, occurs in only one of the sequences of Fj o-convergents.
Then |g,x — pn| = l[gv—12 — pn-1] = |gnz — pN]| (by Proposition 6.10). If N > 1, this
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immediately gives that p, /g, is not a best approximation (since 0 < gn—_1 < ¢y). In the
case N = 0, we can use the same reasoning to get that p, /¢, is not a best approximation
when 2 = ¢y < ¢p,. The remaining case ¢qo = 2 (N =0, gy = ¢,) is completed by noting
that z is an integer and |22 — (22 — 1)| = |22 — (22 + 1)| which implies that neither of
these are best approximations. 0O

Lemma 7.2. Suppose x € X. Suppose {2— M | is the sequence of JF1 2-convergents of x.
Let p/q € X be a best approximation of x by an element of X. Then q < qur.

Proof. Suppose ¢ > qps. Observe that x = %. Hence |gz — p| > |qgmx — par] = 0 so that
p/q is not a best approximation of z by an element of X. O

Lemma 7.3. Suppose x € Q\ X and N is as in Proposition 6.10. If p/q is a best approz-
tmation of x by an element of X, then N > 1 and ¢ < qn_1.

Proof. Suppose p/q € X and set x = r/s so that s is odd. By Proposition 6.10(3),
lgy—12 —pn—1| < M = |gx — p| (since |gr — ps| > 1). Thus, if N > 1 and ¢ > qn—_1,
p/q is not a best approximation of z by an element of X.

If N =0, we replace N — 1 by N in the above steps to conclude that ¢ < g9 = 2.
However, in this case, = is an integer and 1 = |22 — (2o — 1)| = |2z — (22 + 1)] is the
smallest possible value for |gx — p|, and hence p/q cannot be a best approximation by
an element of X. O

Theorem 7.4. Every best approximation of a real number x by an element of X is an
F1,2-convergent of x.

Proof. Let {%}izo be a sequence of Fjs-convergents of z. Let p/¢ € X be a best
approximation of z by an element of X. Then for some n >0, ¢, < g < ¢py1. f x € X,
by Lemma 7.2, ¢ < qpr with @ = par/qar. Observe that if ¢ = gps then p = pyy is the
only possibility and the theorem holds. Hence we can assume that ¢ < gps and hence
n < M and z,y1 > 1. For x ¢ X, we note that x; # 1 Vi > 1 unless x € Q \ X and if
x € Q\ X, then by Lemma 7.3, N > 1 and n < N so that z,4+1 # 1 (Proposition 6.2(2)).
Thus, we can assume that x,+1 > 1 in all cases.

The proof of the theorem is by contradiction. Suppose that p/q is not an Fj o-conver-
gent of x. By using Lemma 6.9, we obtain ¢ = 8¢n_1+aqn, p = Bpn_1+ap, for a, B € Z
with || > 2 and

2|6-Tn+1 - 6'rL-|-104|
Tn+1Gqn + €nt+1Gn—1

lgz —p| =

We will show that the numerator is strictly bigger than 2 which contradicts that % is a
best approximation of x by an element of X.
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Case 1. Suppose § > 2. Then g, < ¢ = B¢n—1+Gn < Gn+1 = €En+1G¢n—1+ Gnt1qn. Hence
1-8<a<api —1 (since ¢,—1 > 0). Using a1 = 2L%+T1+1J < Zpy1 + 1, we have
1 -8 < a < x,41. These bounds on « imply Sz,11 — €10 > 1.

Case 2. Suppose < —2. Then 0 < ¢ = Bqp—1 + aqn < €n41qn-1 + Ant1gn. Hence
1<a<e1—B+ans1 — 1 (since q’;:
a # €1 — B+ apy1 — 1 so that @ < ¢,41 — B+ apy1 — 2. These bounds on « imply
ﬁl‘nJrl — e < —1. O

< 1). Since p = Bpn—1 + ap, is odd, we have
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